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I. Introduction

P RECISION weapon-effect delivery aims at reducing collateral
damage in terms of both infrastructure and loss of life and at

providing timely and efficient debilitation of the intended target by
the use of a small number of rounds that are quickly and accurately
placed on target. To be effective in an operational theatre, synthesis
of the optimal trajectory needed to guide the precision weapon must
be promptly achieved. In the context of artillery precision-guided
munitions, compliance with time-critical operating conditions and
with time-varying, as well as partially known, disturbances such as
atmospheric turbulence calls for a trajectory-shaping solution that
integrates last-minute information just before firing the round. The
challenges that arise in deriving a fast trajectory-shaping solution
increase with the concurrence of meeting control constraints such as
actuator saturation and with dealing with a dynamic system that is
highly nonlinear.

The trajectory-shaping solution proposed in this Note consists of
providing, before launch, a lateral-acceleration time or waypoint
trajectory that the controlled projectile robustly tracks bymeans of an
appropriate guidance law and autopilot. The trajectory-shaping
functionality can be interpreted as a constrained feedforward control
law that drives, under nominal operating conditions, the projectile to
a prescribed target set. Such a set is defined by a number of
constraints that involve the projectile’s range, terminal speed, and
terminal flight-path angle. In such context, the guidance law is
assumed to provide, during the course of the flight, some robustness
when operating conditions differ from the nominal conditions.

Several approaches can tackle this constrained-type problem.
Backward-reachable set theory [1] and the related invariant set
theory are among the interesting approaches to deal with trajectory
shaping. Indeed, by deriving an invariant set from the prescribed
target set, every trajectory that starts in the invariant set, if it exists, is
guaranteed to be captured by the target set [1]. Application of level-
set theory [1–3] and viability theory [4,5] allows derivation of an
invariant set, although at the expense of fast computation because it
typically requires solving time-dependent Hamilton–Jacobi–Isaacs
partial differential equations. The latter is therefore not well tailored
to fast trajectory shaping. Differential flatness is another concept that
can be used to derive commands that enable a dynamic system to
follow a prescribed trajectory that aims to reach a target set [6]. To do
so, a flat output, possibly a nonlinear function of the projectile’s
position, speed, and flight-path angle, is found so that the lateral-
acceleration command can be expressed as a function of the flat
output and its time derivatives. This approachmay not be appropriate
when the trajectory-shaping problem must account for control
saturation, because it leads to a nonlinear nonconvex optimization
problem [7]. Nongradient-based search, such as the genetic
algorithm technique, has been used in trajectory shaping to compute
lookup-table-based line-of-sight bias that is included in a
proportional navigation guidance law to enable interception of a
constant-velocity target with specific terminal constraints [8]. Such
a search technique is proven efficient when an existing homing
guidance law can bemodified to complywith the prescribed crossing
angle at intercept or with the maximized closing velocity.

In this Note, we propose a trajectory shaping over the entire course
of the flight obtained by means of a cross-entropy-minimization-
based search (CEMBS). To deal with complex dynamic systems and
control constraints, an iterative simulation-based approach is
adopted. The cross-entropy method was originally developed for
rare-event simulations and for complex combinatorial optimization
problem-solving such as the traveling salesman problem (TSP) [9].
Themain contribution of this Note lies in the generation of afinite-in-
time sequence of lateral-acceleration or waypoint commands
obtained with a nonhomogeneous Markov chain building upon the
concept of CEMBS. These commands are then used to yield a sample
set from which a batch of simulations of the guided projectile is
performed. Analysis of the resulting statistics drives new iterations
by updating the Markov chain’s transition matrices. The trajectory-
shaping solution is found when the metric defined with respect to the
target set is minimized. The proposed approach is compared with the
results obtained through brute-force search and numerical
simulations. It is shown that a near-optimal trajectory-shaping
solution can be computed in a relatively short period of time for a
given target set, which is the key practical benefit of the proposed
trajectory shaping.

II. Trajectory Shaping of Guided Projectile

A. Context and Problem Formulation

We consider a guided projectile for which the nonlinear model is
given as

_X � f�X; u;w�; Y � � x y v � �T � g�X� (1)

where stateX � �XTp; XTc �T results fromnonlinearflight dynamics in a
closed loopwith controllers such as a guidance law, an autopilot, and
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servomechanisms (see Fig. 1); Xp denotes the state-space vector of
the projectile’s dynamics;Xc corresponds to the state-space vector of
various control laws; w represents exogenous disturbances such as
wind turbulence and the output signals x, y, v, and � stand for the
range, altitude, speed, and flight-path angle of the projectile,
respectively. Equation (1) not only includes algebraic nonlinearities
that are typically related to the flight dynamics, but also accounts for
hard nonlinearities such as actuator saturation.

For the purpose of this work, which was focused on the
development of the CEMBS method for trajectory shaping, a
3-degree-of-freedom model was used to represent the flight
dynamics of the projectile. As such, the problem was formulated in
terms of the lateral-acceleration command sets that are applied
directly to the closed-loop system shown in Fig. 1. Extension of the
method to a 6-degree-of-freedommodel andwaypoint command sets
can be readily accomplished without loss of generality.

To obtain candidate trajectories, the following two-step operation
is carried out as illustrated in Fig. 2. First, the autopilot aims at
despinning the projectile behavior during the ascending phase of the
ballistic motion. The trajectory-shaping output u remains zero. Then
the finite-state trajectory shaping is applied from the apogee at ta to
the impact (y� 0) at tf . In the sequel, t

�
f denotes the initial estimate

of tf and is computed with a simplified trajectory model with no
commanded accelerations.

Definition 1 (target set). The set of constraints that the projectile
must satisfy at the end of flight is defined by

G� f�x; y; v; �� 2 R3 � ���; 0�=xmin 	 x 	 xmax; vmin 	 v
	 vmax; �min 	 � 	 �max; y� 0g (2)

Definition 2 (control constraints). The finite-state trajectory
shaping provides a piecewise constant signal u�t� � uk 2 U, for all
t 2 �tsw;k; tsw;k
1�, where

U � f�U; � �n � 1�U=n; . . . ;�U=n; 0;
� U=n; . . . ; �n � 1�U=n; Ug

whereU 2 R, n 2 N, and tsw;k, defined for all k� 1; . . . ; p, are time
instants at which switches may occur. Time instants tsw;k are fixed
before flight and are uniformly distributed over �ta; �t�f �, where
tsw;1 � ta, tsw;p � �t�f , and � � 1; that is,

tsw;k � tsw;k�1 �
tsw;p � ta
p � 1

for all k� 2; . . . ; p. Let z denote the sequence fuk; 1 	 k 	 pg.
Assumption 1. The guidance law and the autopilots are able to

robustly track the command provided by the trajectory shaping.
Control Objective. From Definition 1, Definition 2, and

Assumption 1, find the sequence of control signals z that minimizes
dG�xf; vf; �f; z�, where

dG�xf; vf; �f; z� � dG�xf; z� 
 dG�vf; z� 
 dG��f; z�

and

dG��f;z�

�
�
0 if �f 2 ��min �max �
min�j�min��fj=�min; j�max��fj=�max� otherwise

(3)

where �f denotes either xf, vf, or �f; subscript f indicates that
variables are valued at tf defined by y�tf� � 0; and argument z in dG
specifies that the terminal state is obtained by applying the sequence
of control signals z to the system in Eq. (1).

Remark. Parameter � in Definition 2 is selected such that tsw;p �
�t�f bounds the time of flight entailed by every possible sequence z; �
has to be selected carefully because switching time instants are
uniformly distributed over �ta; �t�f �. Too large a parameter � would

result in tsw;k0 > tf and thus unused entries fuk0 ; . . . ; upg of z, as
illustrated in Fig. 3.

Fixing tsw;k and forcing z to evolve in the finite set Up enables
satisfying the control objective by means of a combinatorial
optimization, where one seeks, as explained in the next section, to
minimize a metric defined with respect to G by deriving an
appropriate sequence z.

B. Iterative Simulation-Based Approach of Trajectory Shaping

The rationale that lies behind the proposed iterative simulation-
based approach is depicted in Fig. 4. First, a sample of command
sequences ZN1 is drawn from an independent, identically distributed,
random sequence Zi associated with z 2 Up. Second, a batch of
simulations is carried out for every sequence Zi. Third, the results of
the simulations are analyzed to drive the selection, at the next
iteration, of a new sample set ZN1 that tends to decrease
dG�xf; vf; �f; z�.

In the next section, we derive the mechanismCEMBS fromwhich
ZN1 is obtained. One naïve approachwould consist of implementing a
brute-force search in lieu of CEMBS. Such a technique becomes
prohibitive as p or n increase, because each z 2 Up corresponds to
one of �2n
 1�p permutations with repetition. Yet, brute-force
search has been implemented in this study as a means to evaluate the
performance of CEMBS. CEMBS, a stochastic search method, is
proposed as a means to quickly find a near-optimal solution to the
trajectory-shaping problem. It is to be noted, however, that the time
required to find the solution depends on the computational load

Fig. 1 Trajectory-shaping commands for the closed-loop dynamics
(INS denotes the inertial navigation system).

Fig. 2 Phases of the guided projectile. Fig. 3 Selection of � and tsw;k.
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associated with solving Eq. (1) and on the size of the sample set ZN1 .
As our ultimate aim is to use a detailedmodel of the guided projectile,
the efficiency of CEMBS is thus critical to achieve fast computation
of near-optimal z.

III. Search Based on Cross-Entropy Minimization

A. Review of the Cross-Entropy Method

The algorithm requires finding a probability distribution that aims
at seeking a near-optimal solution z
 in the sense that

fz
 2 Up; dG�xf; vf; �f; z
�< �
g

is a rare event for some level �
 typically close to zero; that is,

l� Prh�dG�xf; yf; �f; z
�< �
� � Eh�I fdG�xf;yf ;�f ;z
�<�
g� (4)

is very small. In Eq. (4), h�Z; P� denotes a probability distribution of
random variable Z that is parametrized by some stochastic matrix P,
which is derived in the next section.

Searching �z
; �
� constitutes the associated stochastic problem
(ASP) to that defined in the control objective. This problem is related
to rare-event simulation because ASP requires estimating l, which is
obtained by means of an iterative algorithm that depends on � and P
[9]. The guideline that leads to this algorithm is briefly recalled.
Instrumental to simulation of rare events is the use of the importance
sampling, which provides an unbiased estimator of l:

l̂� 1

N

XN
i�1

I fdG�xf;yf ;�f ;Zi�<�gW�Zi� (5)

where W�Zi� � h�Z; P�=h0�Z� is the likelihood ratio and
(Z1; . . . ; Zn) is a random sample drawn from h0. By using Eq. (5),

one seeks to compute l̂ with a sample set that would be smaller than
that used by direct application of Monte Carlo simulation to Eq. (4).
The distribution h0�Z� that allows finding the best estimator of l is [9]

h�0�Z� � I fdG�xf;yf;�f ;Zi�<�gh�Z; P�=l

Because l is unknown, computation of l̂ can be achieved if one is able
to find a family of probability distributions h0�Z; P�, along with the
reference parameter P, such that the cross entropy between h0�Z; P�
and h�0�Z� is minimized, yielding the following CEMBS algorithm
[9]:

1) Initialize P to P0. Select � 2 �0; 1�, � 2 �0; 1�, and � 2 N.

2) For the rth iteration, proceed as follows as long as the stopping
condition in step 3 is not met:

a) Draw N samples fZ1; . . . ; ZNg � ZN1 according to
h0�Z; Pr�1�.

b) Select the d�Ne that best draws fZ01; . . . ; Z0d�Neg as defined by
dG�xf; vf; �f; z�, which is obtained from Fig. 4 by simulation of
Eq. (1) over �ta; �t�f �. Let �r be the d�Neth-order statistics of the
sequence

fdG�xf; vf; �f;Z0i�; i� 1; . . . ; d�Neg

c) Update, from fZ01; . . . ; Z0d�Neg, the reference parameterQ that

minimizes the cross entropy, which is obtained by maximizing

Xd�Ne
i�1

ln h0�Z0i; Q�

d) Update Pr as follows: Pr � �Q
 �1 � ��Pr�1
3) For the stopping condition, �r � � � � � �r��
1 or there exists

i� 1; . . . ; N such that dG�xf; vf; �f;Zi� � 0.

B. Proposed Reference Parameter

The cross-entropy method has been successfully applied to
various combinatorial optimization problems, amongwhich the TSP
is solved by selecting h0�Z; P� as a function of a homogeneous
Markov chain that expresses the probability of being at a given site at
tk conditioned to the location of the salesman at tk�1 [9].We consider
here a nonhomogeneous Markov chain [10], defined for all k 2
f2; . . . ; pg by

Pk � �pk;ij�1	i;j	2n
1; pk;ij � Pr�Uk � ukjUk�1 � uk�1� (6)

which models the transition from uk�1 2 U at tsw;k�1 to uk 2 U at
tsw;k, as illustrated in Fig. 5.Notice that the transitionmatrix in Eq. (6)
depends on k. A homogeneous Markov chain may be too restrictive
when applied to a dynamic system with terminal state constraints,
because a k-independent transition matrix would force every
transition to be governed by the same probabilities.

The sample Zi in Fig. 4 is thus selected at each iteration of the
cross-entropy algorithm from the set ofp � 1matrices fP2; . . . ; Ppg.
The first entry of Zi is randomly selected from U with a uniform
distribution.

The probability of generation of z 2 Up is given by

h0�z; P� �
Yp
k�2

Y2n
1
i�1

Y2n
1
j�1
�pk;ij�Ifz2Zij�k�g (7)

where Zij�k� denotes the set of z such that uk�1 � i and uk � j.
Step 2c of CEMBS involves minimizing the cross entropy

between h0�Z; P� and h�0�Z�. This minimization, along with the use
of Lagrangian multipliers ui;k, which ensure that the ith row of pk;ij
sums to one, is equivalent to the followingmaximization overPk [9]:

Fig. 4 Simulation-based trajectory-shaping design.

Fig. 5 Computation of z by means of probabilistic transition from uk�1

to uk, k� 1; . . . ; p.
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max
Pk

min
ui;k

�
EPkIfdG�xf;yf;�f ;Z�<�g ln h

0�Z; P�



Xp
k�2

X2n
1
i�1

ui;k

�X2n
1
j�1

pk;ij � 1

��
(8)

Expressing ln h0�Z; P� as

ln h0�z; P� �
Xp
k�2

X2n
1
i�1

X2n
1
j�1

Ifz2Zij�k�g ln pk;ij (9)

and differentiating Eq. (8) with respect to pk;ij yields

EPkIfdG�xf;yf ;�f ;Z�<�gIfZ2Zij�k�g

pk;ij

 ui;k � 0 (10)

Summing Eq. (10) over j� 1; . . . ; 2n
 1, where

X2n
1
j�1

pk;ij � 1

and letting Zi�k� denote the set of z such that uk�1 � i, one obtains

pk;ij �
EPkIfdG�xf;yf ;�f ;Z�<�gIfZ2Zij�k�g

EPkIfdG�xf;yf ;�f ;Z�<�gIfZ2Zi�k�g
(11)

The estimator of Eq. (11), in which expectations are replaced by
averaging over the sample ZN1 � fZ1; . . . ; ZNg, is expressed as

p̂ k;ij �
P

N
q�1 IfdG�xf;yf;�f ;Zq�<�gIfZq2Zij�k�gP
N
q�1 IfdG�xf;yf ;�f ;Zq�<�gIfZq2Zi�k�g

(12)

The reference parameter Q in step 2c of CEMBS is thus equal to

�P̂2; . . . ; P̂p�. The ijth entry of P̂k is given by p̂k;ij in Eq. (12),where�
is replaced by �r obtained in step 2b.

Determining the estimator in Eq. (12) involves the computation of
�p � 1��2n
 1�2 parameters. Thus, the number of levels inU and of
switching times tsw;k, which can be interpreted as the quantization
and the time discretization of uk with respect to a continuous-time
trajectory-shaping signal, respectively, influence the computation

time required tofind a near-optimal sequence z. Although onemay be
tempted to increase p and n so that z approaches an analog signal,
computational limits constrain the resolution of z. Furthermore, the
dynamics of the projectile acts as a filter, which actually bounds,
from above, practical values of p.

IV. Simulations

Applying Newton’s law of motion to a projectile and assuming
that the drag force predominates over the lift force yields the
following model of a despinned projectile:

_v x ��C�d�v; y�v̂�vx � wx� �
uvy
mv

;

_vy ��C�d�v; y�v̂�vy � wy� 

uvy
mv
� g; _x� vx; _y� vy

(13)

where

v�
����������������
v2x 
 v2y

q
; v̂�

��������������������������������������������������
�vx � wx�2 
 �vy � wy�2

q
;

C�d�v; y� �
�SCd�M�

2m
; M� v

vs�y�

where vs�y�, m, S, �, and ~u stand for the sound speed, which is a
nonlinear function of the altitude, the mass of the projectile, the
reference area, the air density, and the control input signal,
respectively. A typical drag coefficient Cd�M� profile is shown in
Fig. 6.

To represent neglected dynamics, the input signal ~u in Eq. (13) is
expressed as the filtered and delayed command u:

~u�s� � !2e	ds

s2 
 �2
=!�s
 !2
sat10N�u�s�� (14)

where function sat10N�u� saturates the lateral acceleration at
10N.
The following parameter values are used: m� 18:5 kg,

S� 18:8 � 10�3 m2, and g� 9:81 m=s2. A ballistic trajectory is
obtained with the following initial conditions: x�0� � 0 m,
y�0� � 0 m, v�0� � 625 m=s, and ��0� � �=4 rad. The apogee
[6271, 3804] m is reached at 24.7 s. The range of the ballistic course
is 11,276 m. The impact of the projectile on the ground occurs at
54.4 s with a terminal velocity of v��tf� � 268 m=s and terminal
flight-path angle of �1:05 rad (�60:2 deg).

Two sets of constraints are considered. The first set, C1, is defined
by xmin � 10; 599 m, xmax � 10; 712, vmin � 241:6 m=s,
vmax � v��tf�, �min ��1:15 rad, and �max ��0:94; The second
set, C2, corresponds to C1 with vmax � 1:1v��tf�. The algorithm
proposed in Sec. III is implemented with n� 1, p� 10,
U� 92:5 N, �� 1:1, �� 0:08, �� 0:1, �� 5, and N � p2.

The stochasticity of the cross-entropy method may entail
fluctuating performances from one simulation to another in terms of
computation time and distance dG�xf; vf; �f; z� at impact. One
hundred simulations were run on a 1 GB, 2.4-GHz Xeon computer
with MATLAB/Simulink-compiled code [11] to analyze the
performance of the proposed approach. Table 1 shows the results
obtainedwithCEMBSoverUp. CEMBS is comparedwithminimum
seeking of dG�xf; vf; �f; z� obtained by means of brute-force search
(BFS). The latter thus requires, at most, 310 � 59; 049 executions of
the compiledmodel. Both algorithmswill stop if �xf; vf; �f; z� 2 G is
satisfied. Otherwise, CEMBS stops when step 3 is satisfied and BFS
stops when the 59,049 iterations have been performed. The symbol

Fig. 6 Drag coefficient model.

Table 1 Performance of the cross-entropy-based trajectory shaping

Set of constraints C1 C2

Type of search CEMBS BFS CEMBS BFS
Average best relative error with respect to G at tf 0.97% [dG�vf; z�] 0.87% [dG�vf; z�] 0% 0%
Average computation time (speedup ratio) 4 min 35 s (60) 4 h 30 min 27 s (29) 13 min 22 s
EF��xf; vf; �f� 2 G� 0% (EF��xf; �f� 2 Gnv� � 100%) N/A 100% N/A
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EF in Table 1 denotes empirical frequency. Gnv denotes the set of
�x; �� that satisfy constraints xmin 	 x 	 xmax and �min 	 � 	 �max.

No sequence z, as obtained with BFS, leads to �xf; vf; �f� 2 G
when the set of constraints C1 is considered. In particular, the
terminal velocity constraint is not satisfied, whereas dG�xf; z� and
dG��f; z� are both equal to zero; that is,

min
z�BFS�

dG�xf; vf; �f;Z� � min
z�BFS�

dG�vf; z�

where z�BFS� means that z is obtained with BFS. The fact that the
best solution obtained with BFS does not reach G, but nevertheless
reaches Gnv, allows a relative comparison between CEMBS and
BFS. Indeed, the stochastic nature of the cross-entropy-based search
incurs near-optimality rather than optimality, because the average
relative error only increases to 11.5%when substituting CEMBS for
BFS, whereas the terminal distance to G obtained with BFS is very
small (0.87%). Note that the maximum deviations (not reported in
Table 1) obtained with BFS are

max
z�BFS�

dG�xf; vf; �f; z� � 49%

and

max
z�BFS�

dG�vf; z� � 2:5%

which, in the latter case, represents an increase of 287%with respect
to minz�BFS�dG�xf; vf; �f; z�.

Better performance could be obtained with CEMBS by enlarging
the sample at the expense of fast computation. If some amount of
optimality is sacrificed, the solution time can be sped up by a ratio of
60, as shown by the results obtained with C1. The set of constraints
C2 leads to minz�BFS�dG�xf; vf; �f; z� � 0, which is met with a
frequency of 100% by BFS and CEMBS, meaning that the target set
is always reached despite near-optimality of CEMBS. The speedup
ratio is 29 in this case.

Figure 7 shows a typical sequence z, along with the trajectory of
the projectile that reaches G in 52.2 s.

V. Conclusions

An iterative simulation-based trajectory shaping is proposed so
that a sequence of commands enables a guided projectile to achieve a
set of target constraints. The proposed approach, based on cross-
entropy minimization, allows computing a near-optimal solution to
the target-reaching problem in a relatively short period of time when
compared with an equivalent solution found by the brute-force
searchmethod.A speedup ratio of several orders ofmagnitude can be
obtained while preserving either small final errors with respect to a

set of tight constraints or high empirical frequency of target-reaching
occurrence.
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